We present a new approach, based on Noether's energy-momentum tensor, to construct the lagrangian for nonrelativistic nonisentropic Euler fluids. An advantage of this approach is that it naturally provides a generalised Clebsh decomposition for the fluid velocity. This is used to develop a hamiltonian formulation inolving a noncanonical algebra. This algebra is very simply obtained from the symplectic structure. It is used to show that the components of the Noether's energy-momentum tensor satisfy certain Schwinger-type relations. These relations, which are reminiscent of corresponding relations in relativistic field theory, are new. *
Introduction
Despite the fact that the origins of fluid dynamics lie in nineteenth century physics, its relevance has not abated even now. It has stood the test of time like Maxwell's electrodynamics. The theory of fluid dynamics has continuously evolved through its various ramifications and extensions. Indeed it can and does illuminate several features of particle physics, especially those related to extended structures, and also gravity, that has culminated in the fluid/ gravity correspondence [1] . Thus the study of fluid dynamics, which is interesting in its own right, has relevance and significance in the modern context.
The dynamics of fluids is described by a classical field theory using either the lagrangian or hamiltonian approach. The corresponding variables are the Euler variables since fluid dynamics is most conveniently expressed in terms of them [2, 3, 4] . Among these competing approaches, that based on the hamiltonian is quite frequently discussed. This is not surprising as the form of the hamiltonian may be written on general principles and the algebra of variables suitably defined to reproduce the known equations of motion for the fluid [4, 5] . Incidentally, this algebra is either posited by inspection [4] or derived by using the Lagrange to Euler map [6] . A self contained derivation within the Eulerian scheme seems to be lacking.
The lagrangian formulation, on the contrary, is quite tricky. For usual canonical brackets the passage from the hamiltonian to the lagrangian is smooth, using an appropriate Legendre transform.
However when the brackets are non canonical, as happens in the case of fluids, this transition is far from straightforward. Indeed, it has been explicitly shown that the presence of Casimirs is the root of the obstruction [7, 5] . Under these circumstances, something different has to be done. A possible way is to introduce Clebsh variables [8] and use certain continuity equations. This was the original method adopted by Lin and Eckart [9] . However, there were ambiguities since the method was ad-hoc and there was no proper physical basis for the choice of one continuity equation [5] .
Another approach based on conservation laws is discussed in [10] but it also suffers from similar criticisms.
In the present paper we provide a new Lagrangian approach to discuss non-relativistic fluids.
We exploit Noether's definition 1 of the stress tensor to obtain the cherished lagrangian. Ambiguities are avoided in this derivation. The choice of the Clebsh parametrisation is naturally dictated by the analysis. Nonisentropic fluids have also been considered. A generalised Clebsh parametrisation involving entropy is found which is a new result. A hamiltonian formulation has been given where 1 We recall the use of Noether's definition for relativistic hydrodynamics [11] . However, since Noethers definition is asymmetric, it has to be used with care when treating relativistic systems where the energy-momentum tensor must be symmetric and suitable improvements have to be done. In the non-relativistic case, of course, this restriction of symmetricity(between space-time) no longer holds. non canonical brackets are computed directly from the symplectic structure. Exploiting these brackets we then show that the components of the stress tensor satisfy an algebra that is highly reminiscent of Schwinger [12] conditions found in relativistic field theory. As far as we understand these relations have never been discussed in the literature on non-relativistic fluid dynamics. It is easy to prove the conservation of the stress tensor from these relations.
Basic formalism
Let us first briefly recapitulate the basic tenets of non-relativistic isentropic Eulerian fluids. The hamiltonian is given by,
where ρ and v i are the fluid density and velocity, respectively. The fundamental fluid equations, namely the Euler equation and continuity equation, are reproduced by appropriate bracketing with
(1) by exploiting the following algebra [4, 5] ,
where,
is the vorticity of the fluid. The continuity equation is reproduced as,
Likewise the Euler equation is obtained as 2 ,
Note that the second term on the right side of (5) may be expressed in a familiar form by recalling the definition of pressure P as a Legendre transform of V [5] ,
so that, 1
2 suffix on V implies a derivative; Vρ =
∂V ∂ρ
It is thus the pressure gradient which is consistent with the fact that we are discussing ideal hydrodynamics.
Introducing the current j i = ρv i it is simple to find,
In order to construct an appropriate Lagrangian let us introduce a variable θ which is canonically conjugate to ρ. Then we may write the lagrangian density as,
Here θ is not an independent variable. It is related to the fluid velocity v i . The velocity will be expressed as a function of θ so that in the above Lagrangian ρ and θ are the only variables of variation. It is of course necessary to abstract the connection of the velocity with the variable θ before it is possible to show that the correct hydrodynamical equations follow from (9) . This is shown below.
To understand the meaning of θ in terms of the fluid variables we take recourse to Noether's definition of stress tensor
where F generically denotes the variables in the lagrangian.
The momentum density in a non relativistic theory coincides with the current,
Computing T 0i from (9) and (10), we get,
which, equated to (11), yields the identification,
Since the vorticity (3) vanishes, this corresponds to an irrotational fluid.
The correspondence (13) is algebraically consistent with (2) because,
recalling that (ρ, θ) are a canonical pair, as seen from the first order lagrangian density (9) ,
The v i − v j bracket following from (13) vanishes thereby reproducing the algebra (2) for an irrotational fluid.
To complete the demonstration of the validity of (13) we show that it reproduces the energy flux T i0 and stress tensor T ij from (10).
The first step is to express the lagrangian (9) in terms of (ρ, θ) variables,
Next using (10) and (16), we obtain,
Theθ term is found by bracketing with the hamiltonian, exploiting the algebra (15),
Thus,
which is the familiar expression for the energy flux.
Likewise the expression for the stress tensor T ij , following from (10) and (16) , is given by 3 ,
This may be simplified by writing L as,
Now we use (18) to get,
so that we can express T ij in our familiar form,
Thus (16) may be regarded as the lagrangian in Euler variables for an irrotational fluid.
We now show that the usual hydrodynamical equations follow from (16) which is equivalent to (9) with the identification (13) . Variation with respect to θ gives,
If we now use(13), the above equation reproduces the continuity equation(4).
Likewise, variation of ρ in(16) yields,
Taking a spatial derivative and again exploiting(13) yields,
For an irrotational fluid,
so that(25) just reproduces the Euler equation(5).
This may be extended to the general (non-vanishing vorticity) case, by an appropriate modification of the velocity parametrisation (13). It is not possible to do this by introducing just a single
since they can be absorbed in the original definition (13) . Thus the simplest nontrivial possibility is to introduce a pair of scalars (α, β) and express the velocity as,
and the hamiltonian now has the structure,
To see that this yields a meaningful fluid hamiltonian it is useful to construct the lagrangian with a suitable kinetic term. This is done in a way that reproduces the momentum density (11) with the velocity given by (26), following the Noether prescription (10) . After a little algebra we get the cherished form of the Lagrangian,
To verify our previous statements we compute the momentum density,
which reproduces (26) from (11).
Next, the energy flux T i0 is computed from (10) and (28),
The time derivatives may be eliminated by considering the equation of motion obtained by a variation of ρ in (28),θ
Substituting in (30) yields,
where we have used (26). Thus the desired form of the energy flux is reproduced.
Finally the stress tensorT ij is considered. Again exploiting Noether's definition (10) and using (28) we find,
on recalling the definition (26). The Lagrangian density (28) simplifies, using (31), to the form,
which, together with (33), reproduces the expected structure of the stress tensor T ij . Incidentally the above equation is expected on general grounds since it expresses the equivalence of the Lagrangian density with the fluid pressure.
Now the hydrodynamical equations are derived from (28). Variation with respect to θ yields,
Using the form of the velocity (26) in the above equation immediately reproduces the continuity equation (4) .
The demonstration of the Euler equation (5) needs some more work. Variation of α yields,
while that of β yields,α
where, at an intermediate step, the continuity equation (4) has been used. Now, time differentiating the relation(26), we find,v
where all time derivatives appearing on the r.h.s of (26) have been eliminated by exploiting (31), (36) and (37). The final point is to calculate the vorticity from (26),
and use it to replace ∂ i v j in favour of ∂ j v i in (38). Immediately this reproduces the Euler equation
We have thus shown that (28) may be regarded as the lagrangian density for vortical fluids.
The decomposition (26) is the usual Clebsch parametrisation of a vector in terms of three scalars.
However we have not put this by hand as had been done earlier. Rather, it was systematically derived.
Let us now consider the hamiltonian formalism. For this it is necessary to know the algebra of the basic variables. This may be obtained from (28), by noting that (ρ, θ) and (ρα, β) are the independent canonical pairs. Then it is possible to to show that, apart from (15), the only other nonvanishing algebra among the basic variables is given by,
with all other brackets being zero.
Now the complete algebra (2) for a fluid with vorticity may be verified using (26) and the brackets (15, 40) . Consequently the fluid equations are also reproduced. This completes the hamiltonian analysis the Eulerian fluid model.
It may be observed that the non canonical algebra (2) was directly obtained in the hamiltonian formalism either as a postulate or by using generalised coordinates [4, 13, 14] , or by using the map connecting Lagrange to Euler variables. Here they simply follow from the modified symplectic structure.
Nonisentropic fluids
So far isentropic fluids were considered where entropy has no role. However, for a complete characterisation of a fluid, apart from its density and velocity, one has to include entropy. This section is devoted to a study of nonisentropic fluids along the lines developed in the earlier section.
The fundamental fluid equations are now the continuity equation, the Euler equation and the entropy convection. While the continuity equation (4) remains unchanged, the Euler equation (5) becomesv
where the potential is now a function of both the density and entropy V (ρ, S). Here S is the entropy per unit mass or the specific entropy. The above equation may be expressed in a more conventional form [4] by introducing the variable U (ρ, S) as V = ρU . Then (41) reduces to,
which is the general form of the hydrodynamic force balance equation or the Euler equation.
Finally, the entropy convection equation, expressing the fact that heat flow is assumed to vanish, is given byṠ
Also the form of the Hamiltonian remains unchanged except that the potential is now a function of both ρ and S,
We now discuss an action principle following our earlier prescription. The idea is to modify the lagrangian so that the momentum density is given by (11) . This obviously implies that the parametrisation for the velocity (26) has to be generalised. Following our earlier logic discussed below (25), this may be done in two possible ways,
or, alternatively,
It is interesting to note that both these forms lead to a consistent formulation. While the first representation (45) was found earlier [16, 17] using contact transformations,the second one (46) 
is new. Let us first consider the analysis with (45). To construct the Lagrangian corresponding to
the Hamiltonian (44), the kinetic term has to be defined. As mentioned it is done in a way that reproduces the momentum density (11) with the velocity given by (45), using Noether's definition (10) . We find,
For a check we compute T 0i from (10),
which immediately yields (45) from (11).
It is now possible to reproduce the expected structure of the flux
and the stress tensor (33) from Noether's definition (10) . This proves the validity of the Lagrangian (47).
The equations of motion for all the variables may be obtained from (47) by appropriate variations. Variation with respect to θ just yields the continuity equation(4) once the velocity is identified as (45). This is exactly as happened in the isentropic theory(28). The γ variation gives,
where we have used (45). A simple use of the continuity equation (4) The derivation of the Euler equation (41) follows along the earlier isentropic case. First, the equations obtained on varying ρ, S, α, β are found to be, respectively,
The last two equations are, expectedly, identical to (36) and (37). Now time differentiating (45) and eliminating the time derivatives appearing on its r.h.s by using (51), we find,
Computing vorticity from(45),
and substituting in (52) reproduces the cherished equation(41).
For a hamiltonian analysis the noncanonical brackets have to be derived. These are obtained by first noting that an inspection of (48) immediately identifies the independent canonical pairs as, (ρ, θ) (ρα, β) and (ρS, γ). Here we compute the brackets involving S since the others have already been found. It is easy to see that the only nonvanishing brackets are given by,
The bracket of S with v i is now evaluated using(54), and (45),
Using this algebra the equation (43) is reproduced by bracketing S with the hamiltonian (44).
Likewise the Euler equation (41) may also be reproduced. Let us next consider the parametrisation (46). In this case the Lagrangian will be given by,
The relevant equations (41) and (43) for the velocity and entropy, respectively, are reproduced from the above Lagrangian. For instance, varying with γ immediately yields (43).
The hamiltonian formulation may be performed as before by noting the difference in the canonical pairs from the earlier case. These pairs are now (ρ, θ) (ρα, β) and (ργ, S). With this change the algebra of S is modified as,
while the other brackets remain unaltered. Also, the important bracket of S with v i remains the same,
so that the equation of motion (43) Finally, let us discuss the freedom in choosing the potentials θ, α etc that appear in the definition of the velocity (45) or (46). Two sets of velocity potentials will be considered physically equivalent if they give the same velocity and also preserve the bracket structure. Let's start with two different sets of scalar variables (θ, α, β, γ) and (θ ′ , α ′ , β ′ , γ ′ ). We have the condition
From this equality we can write,
Now, two scalars θ and θ ′ differ by another scalar F . From (60),
Now, different choice of F will generate different transformation. We are interested only in the bracket preserving transformation. For, in that case, the Hamiltonian as well as the equations of motion will be sustained. Instead of providing a general solution 4 , we discuss a specific example which is physically motivated.
Equivalent sets must have the same S since entropy is a physical variable. Among the other variables, an inspection of (54) reveals that the only vanishing bracket exists between θ and γ. This allows us to keep θ and γ unchanged and modify the α, β sector. Defining the new potentials as,
where f (β) is some function of β. It is then simple to verify,
We can also find the generator of this transformation. A little bit of calculation shows,
Also, the entire algebraic structure of (54) (along with (40)) is preserved. As an example,
Preserving the velocity (63) implies preserving the hamiltonian. Since the algebra (54) is also invariant, it means that the fluid equations remain unchanged. Moreover the particular solution (62) shows that only one of the potentials (say β) may be completely arbitrary. This agrees with our intuitive notion of the fluid degrees of freedom. A fluid may be described by four functions at a point(one thermodynamic variable S and three independent components of the velocity). Since we used five potentials to define the fluid, only one of them should be completely arbitrary.
Schwinger-type relations
We next consider the algebra among the components of the energy momentum tensor T µν . Note that while T ij is symmetric since rotational invariance is preserved, T 0i is not equal to T i0 since space and time are on inequivalent footings in the non-relativistic theory. Strictly speaking, therefore, T µν should be referred as energy-momentum 'complex'.
Recalling the algebra (2) and the identification (11), it is possible to obtain,
This is the typical form for one of the Schwinger conditions valid in the relativistic field theory.
Indeed this structure is inbuilt in the very framework of the Eulerian fluids characterised by the algebra (8) and the identification (11) . Let us therefore look at the T 00 − T 00 algebra that enters in the fundamental Schwinger condition. After some steps, using (2), one obtains,
where T i0 is defined in(49). This is the famous Schwinger condition. A general proof is given in [12] for its validity in relativistic quantum field theory where the Poisson or Dirac brackets are replaced by appropriate commutators. Interestingly such a relation was found by us [15] for relativistic classical fluids. Here we show its existence even for non relativistic classical fluids.
The existence of the Schwinger type condition (66) for nonrelativistic classical fluids is a new result. Since the proof was general, this condition is obviously valid for isentropic fluids also.
It is easy to see the connection of (66) with the conservation of the energy-momentum complex,
Taking the integral over space on both sides of (66), we find,
which simplifies to,
on dropping surface terms. Since the l.h.s of the above equation is ∂ 0 T 00 , we reproduce the time component of (67),
The presence of Schwinger-like conditions gives a fresh insight into the interpretation of fluid dynamics as a field theory. Apart from revealing a very close correspondence with field theoretical results it can find various applications. One such instance was the derivation of (70). Other possibilities include, for example, the demonstration of the Galilean algebra.
Conclusion
To conclude, we have given a new approach to construct the Lagrangian of a non relativistic Eulerian fluid. It is well known that, although the hamiltonian formulation follows along conventional lines, there are obstructions to the Lagrangian formalism. These are a consequence of the presence of Casimirs that prevent the inversion of the symplectic matrix so that the usual passage from the Hamiltonian to the lagrangian poses problems. It therefore becomes mandatory to take recourse to other avenues. Lin and Eckart [9] solved the problem by exploiting conservation laws and replacing the fluid velocity in favour of the Clebsh variables [8] . Such an approach is somewhat riddled with ambiguities. The use of conservation laws is ad-hoc, particularly since one of this laws has no physical basis [5] . Also, the introduction of the Clebsh parametrisation is arbitrary and not logically motivated.
Our approach is based on equating the known expressions for the hamiltonian density, momentum density, energy flux and the stress tensor with those found by Noether's definition. The fluid velocity then gets naturally expressed in a Clebsh form for the irrotational case. The general(nonvanishing vorticity) example is subsequently treated by a logical extension. Algebraic consistency of the method has also been established. Including the entropic effects does not pose problems. For the nonisentropic fluid two forms (45, 46) of Clebsh decompositions are given that are useful for discussing the canonical formulation.While one of these decompositions was found previously [16, 17] through canonical or contact transformations, the other is a new finding. The physical results, however, remain unaffected whether S occurs in a differentiated form or otherwise. This shows the robustness of the scheme.
We have also discussed the arbitrariness in the choice of potentials appearing in the Clebsh decomposition of the velocity. While preserving the definition of velocity, the algebraic structure is also retained. Since invariance of the velocity naturally leads to the invariance of the Hamiltonian, the hydrodynamical equations are all preserved. From this analysis a degree of freedom count was done that agreed with physical considerations.
A word about the bracket structure is useful. These noncanonical brackets involving the velocity potentials and fluid density were earlier given by using involved canonical transformation [13] or by inspection [4] or by using the Lagrange to Euler map [6] . A systematic derivation using only
Euler variables seems to be lacking. Our action principle fills this gap. The noncanonical brackets were easily read-off from the symplectic structure. Since this algebra plays an important role in reproducing the hydrodynamical equations and establishing compatibility between the Hamiltonian and Lagrangian formulations, its systematic derivation is definitely desirable.
Another point of the paper is to reveal the occurrence of a Schwinger-type condition that involves the algebra of the hamiltonian densities T 00 − T 00 . It may be recalled that, for a consistent formulation of relativistic quantum field theory, such a condition was proved by Schwinger [12] on general grounds. In the case of classical fluids, we had earlier reported the existence of such a condition for the relativistic case [15] . Quite surprisingly we find that such a relation also exists for non-relativistic fluids. There is a slight subtlety involved here. In the relativistic example since the energy momentum tensor must be symmetric,T 0i = T i0 . This is of course not valid in the non-relativistic theory. Thus one has to be careful in writing the appropriate form that occurs in the r.h.s of (66). A consistency check of (66) was done. It was shown that the integrated version of this equation was just the time component of the conservation law (67). The appearance of the Schwinger-type relation for a non-relativistic fluid theory is both surprising and interesting.
Apart from showing the utility of the Clebsh parametrisation it strongly suggests the possibility of extending this analysis for the relativistic case. Some attempts in this direction were made by us in [15] but only for an isentropic fluid. More complicated theories involving interactions may also be considered within this formalism. An analysis for relativistic fluids in the light cone variables could be an interesting future prospect. This is so because light cone reduction is used to describe the dimensional reduction of relativistic fluids to their nonrelativistic counterparts.
As a final remark we mention that the present approach can be immediately applied to develop a relativistic theory of fluids by appropriately generalising the Clebsh parametrisations (45, 46).
Similar applications to magnetohydrodynamics, nonrelativistic or relativistic, may be envisaged.
